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I. Introduction 
We study the discrete-time quantum walk in the half-plane by means of spectral analysis. The  
analysis is based on the CGMV method introduced by Cantero et.al [1]. The CGMV method used  
here is based on the spectral theory on the unit circle, which has been studied by a number of  
authors, for examples, see [20-24]. Apart from the CGMV method, analysis of discrete-time  
quantum walks by path counting method and the Fourier  analysis, collectively, is popular [2-19]. 
Let  be a probability measure on  1:  zCzD , where C  is the set of complex numbers,  
and let )(2 DL denote the Hilbert space of  square integrable functions on D . The Laurent  
polynomials  
0
)(
ll
zx  are orthogonal polynomials on D  obtained by applying the Grahm-Schmidt  
orthonormalization to },,,,,1{ 221  zzzz with respect to the inner product  



Dz
zdzgzfgf )()()(),(  , where )()(),( 2 DLzgzf   . A recurrence relation for the Laurent  
polynomials can be obtained via the recurrence relation for Szego polynomials and the relation  
between the Laurent and Szego polynomials themselves [22,23]. The simplest expression for the  
recurrence relation of the Laurent polynomials is given by the CMV matrix, which is a five-diagonal  
band representation associated with the Verblunsky parameter  ),,,( 210   [24]. In this paper  
we consider the following two cases: (i) the CVM matrix with null-odd Verblunsky parameter, that is, 
  ,0,,0,),,,( 210    and (ii) the CVM matrix with null-even parameter, that is,  
  ,,0,,0),,,( 210   . 
We show, in this paper  using the CGMV method that localization of the quantum walk derives from  
the point mass of the spectral measure on D . We also give explicit expressions for the limit  
measures, and the necessary and sufficient condition for localization. 
The rest of this paper is organized as follows. In Section II, we explain the relation between the CVM  
matrix and the corresponding quantum walk. In Section III, we consider the relation between the  
spectral measures of the CVM matrix and localization of the corresponding quantum walk. Section  
IV presents the main results with proof. The limit measure of Type I and Type II quantum walks is  
given in Theorems 1 and 3, respectively.  The necessary and sufficient condition for localization is  
given in Corollary 2 and Corollary 4 for Type I and Type II quantum walks, respectively. The first  
condition for the necessary and sufficient condition for localization in Type I quantum walks  
appearing in Corollary 2 depends only on the quantum coin whilst the second condition appearing in  
the same Corollary depends not only on the quantum coin but also the initial coin state. For Type II  
quantum walks, the necessary and sufficient condition for localization given by Corollary 4, is  
independent of the initial state  Tii ee 21  . Section V is devoted to the summary and open  
problem. 
 
 
 
II. Quantum walks governed by Cantero-Moral-Velazquez (CMV)  matrices 
Let ),,( 10 C  be the CMV matrix associated with the Verblunsky parameter  ,, 10  . The  
simplest matrix representation for ),,( 10 C  is given by the following form [20,24]: 
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where Cj   satisfies 1j  and 
2
1 jj   . Let the quantum coin be given by  
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U . For },,,{, UDRLji  , define iic , iiic )arg( , Udet , 
where )arg( z  is the argument of Cz . By the unitary of U , 
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, and for  ji  ,  
jiij cc  .  In this paper we will consider two type of quantum walks, Type I QW and Type II QW. 
Definition I (Type I QW): The total space )(IH  for this type of quantum walk is generated by a  
standard basis },,1,0,,0,1,,0,0,,0,0,,0,0,,0,0{ URDULR . The time  
evolution  UIW ,. with quantum coin U  is denoted by 
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Definition II (Type II QW): The total space )(IIH  for this type of quantum walk is generated by a  
standard basis },,1,0,,0,0,,0,1,,0,0,,0,0{ UDRDL . Let 21 , be real numbers. The time  
evolution  UIIW ,. with quantum coin U  is denoted by 
 
UeReLW
iiUII ,1,0,0,1,0,0 21),(
   
UeReDW
iiUII ,1,0,0,1,0,0 21),(
   
DyxcUyxcLyxcRyxcRyxW DRURLRRR
UII ,1,,1,,,1,,1,,),(   )1,( yx  
DyxcUyxcLyxcRyxcLyxW DLULLLRL
UII ,1,,1,,,1,,1,,),(  )1,( yx  
DyxcUyxcLyxcRyxcUyxW DUUULURU
UII ,1,,1,,,1,,1,,),(  )1,( yx  
DyxcUyxcLyxcRyxcDyxW DDUDLDRD
UII ,1,,1,,,1,,1,,),(  )1,( yx  
 
In this paper we restrict initial states of Types I and II QW’s to  
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Let  )()( , ItIt YX  and  )()( , IItIIt YX be Type I and II quantum walks respectively, then 
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the matrix representation of ),( UIW  we give a 1-1 correspondence between the basis of )(IH  and 
},3,2,1,0{   such that  
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 We should remark that this gives a relation between Type I QW and the null-odd CMV matrix, that  
 
is, the CMV matrix with null-odd parameter     ,0,,0,,,, 210   .  For the Type II  
quantum walk, the one-to-one correspondence between the basis )(IIH  and },3,2,1,0{   is such  
that  0),0,0( L , 1),0,0( D , 12),,(  kRkk , 12),,(  kUkk )1( k . Define  
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 gives a  
relation between the null-even CMV matrix and Type II QW, that is, the CVM matrix with null-even   
parameter ),,0,,0(),,,( 210    . Denote the Laurent polynomials for ),,( 10 C  as )(ˆ zu j  
and )(ˆ zv j ),1,0( j  satisfying )(ˆ(z)uˆ ),,( 10 zuzC   and )(ˆ)(ˆ),,( 10 zvzzvC  , respectfully,  
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polynomials and spectral measure can be rewritten as follows: 
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From the definition of the weight of a passage, the CMV matrix associated with the Verblunsky  
parameter  ,, 10  , and U  for 1 , 021   , it is important to note that 
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III. Spectral measure of CMV matrices and localization 
In this section we will define localization as follows: there exists )()( JJ H  such that  
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IV. Limit measures of the quantum walk 
In this section we give explicit expressions for the limit measures for both types of quantum walks  
considered in this paper. 
Theorem 1: Let ),( )()( It
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Proof: Explicit expressions for the spectral measures and corresponding Laurent polynomials can be  
shown in a similar way to Appendix A of Konno and Segawa [25], then using them in the asymptotic  
result for )()0,0(),,(
)( tkk
I  gives the desired conclusion. 
From this theorem we see that the necessary and sufficient condition for Localization is given by the  
following. 
Corollary 2: Localization of Type I quantum walk from the origin with initial state  T  
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Concerning the result for Type II quantum walks, we have the following. 
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Proof: Explicit expressions for the spectral measures and corresponding Laurent polynomials can be  
shown in a similar way to Appendix B  of Konno and Segawa [25], then using them in the asymptotic  
result for )()0,0(),,(
)( tkk
II  gives the desired conclusion. 
From this theorem we see that the necessary and sufficient condition for Localization is given by the  
following. 
Corollary 4: Define  1:),( 222  yxyxD . Let the Verblunsky parameter be given by  
),,0,,0( bb  where iyxb   with Dyx ),( . Then the necessary and sufficient condition for 
localization of Type II quantum walk is given by 
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V. Summary and Open Problem 
 We investigated localization and the limit distribution for quantum walks defined in this paper using  
the CGMV method. The spectral measure of the CMV matrix corresponding to the quantum walk is  
given.  From the point mass of the measure, localization is shown. We obtained the necessary and  
sufficient condition for localization with respect to the quantum coin and initial state. In addition,  
the limit distribution is presented. 
The open problem is as follows: What is the relationship between the quantum walk in the quarter  
plane and the quantum walk on homogeneous trees, if any? Are the properties of the quantum walk  
in the quarter plane, the same on homogeneous trees? 
Concerning the open problem, Konno and Segawa [25] have shown the equivalence between the  
quantum walk on the half line and the quantum walk on homogeneous trees, and use it to give  
another proof of localization of quantum walks on homogeneous trees, Corollary 3 of their paper. 
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